Introduction
Wave turbulence is observed in the interaction of nonlinear dispersive waves in many physical processes, see the review [Newell and Rumpf(2011) ] and references therein. Zakharov and Filonenko [Zakharov and Filonenko(1967) ] proposed a theory of weak turbulence of capillary waves on the surface of a liquid. According to which, a stationary regime of wave turbulence with an energy spectrum, now called the Zakharov-Filonenko spectrum, is formed at the boundary of a liquid. To date, the theory of weak turbulence has been very well confirmed both experimentally [Brazhnikov et al.(2001 )Brazhnikov, Kolmakov, Levchenko, and Mezhov-Deglin, Brazhnikov et al.(2002 )Brazhnikov, Kolmakov, Levchenko, and Mezhov-Deglin, Falcon et al.(2007 Falcon, Laroche, and Fauve, ] and numerically [Pushkarev and Zakharov(1996) , Korotkevich et al.(2016) Korotkevich, Dyachenko, and Zakharov, Pan and Yue(2014) , Deike et al.(2014) Deike, Fuster, Berhanu, and Falcon] . Physical experiments [Dorbolo and Falcon(2011) , Boyer and Falcon(2008) ] carried out for magnetic fluids in a magnetic field showed that the external field can modify the turbulent spectrum of capillary waves. So far, there was no theoretical explanation for this fact.
In this paper, we consider the nonlinear dynamics of the free surface of a magnetic fluid in a horizontal magnetic field. Melcher [Melcher(1961) ] has shown that the problem under study is mathematically completely equivalent to the problem of the dynamics of the free surface of a dielectric fluid in a horizontal electric field. For this reason, in this work we will use the previously obtained results for non-conducting liquids in an electric field. The dynamics of coherent structures (solitons or collapses) on the surface of liquids in a magnetic (electric) field has been very well studied (see, for example, [Koulova et al.(2018) Koulova, Romat, and Louste, Bourdin et al.(2010) Bourdin, Bacri, and Falcon, Tao(2018) , Zubarev(2002) , Vanden-Broeck et al.(2019) Vanden-Broeck, Gao, Doak, and Wang] ). At the same time, the turbulence of surface waves in an external electromagnetic field was not theoretically investigated (except of our recent work [Kochurin(2019) ]). In this paper, we will show that at the free surface of a ferrofluid in a magnetic field, new wave turbulence spectra differing from the classical spectra for capillary and gravitational waves can be realized.
Linear analysis
We consider a potential flow of an ideal incompressible ferrofluid with infinite depth and a free surface in a uniform horizontal external magnetic field. The fluid is dielectric, i.e., there are no free electrical currents in the liquid. Since, the problem under consideration is anisotropic because of the existence of the separated direction of the magnetic field, we consider only plane symmetric waves propagating in the direction parallel to the external field. Let the vector of a magnetic field induction be directed along the x axis (correspondingly, the y axis of the Cartesian coordinate system is perpendicular to it) and has the absolute value B. The shape of the boundary is described by the function y = η(x, t), for the unperturbed state y = 0.
The dispersion relation for linear waves at the boundary of the liquid has the form [Melcher(1961) ]
where ω is the frequency, g is the gravitational acceleration, k is the wavenumber, γ(µ) = (µ − 1) 2 (µ 0 (µ + 1)) −1 is the auxiliary coefficient, µ 0 is the magnetic permeability of vacuum, µ and ρ are the magnetic permeability and mass density of the liquid, respectively, and σ is the surface tension coefficient.
Let estimate the characteristic physical scales in the problem under study. In the absence of an external field, the dispersion relation (1) describes the propagation of the surface gravitycapillary waves. Their minimum phase speed is determined by the formula: v min = (4σg/ρ) 1/4 .
To obtain the characteristic magnetic field we need to equate v 2 min to the coefficient before k 2 (it has a dimension of squared velocity) in the right-hand side of (1). Thus, the critical value of the magnetic field induction has the form
The characteristic scales of length and time are
Let us calculate the specific values of the introduced quantities for the liquid used in the experiments [Dorbolo and Falcon(2011) , Boyer and Falcon(2008) ]. Put the fluid parameters as follows ρ = 1324 kg/m 3 , σ = 0.059 N/m, µ = 1.69.
Substituting these parameters into above formulas, we obtain the estimations for the charac- Note that in the case of a strong magnetic field, the dispersion relation (1) must be modified taking into account the magnetization curve, as was done in [Zelazo and Melcher(1969) ]. Let us rewrite the expression for the magnetization M(H) of a colloidal ferrofluid composed of particles of one size [Rosensweig(1987)]:
where L(θ) is the Langevin function, D is the particle diameter, M st is the magnetic saturation, M d is the domain magnetization of the particles, k B is Boltzmann's constant, T is the absolute temperature. For small values of the external field, the Langevin function can be approximated by the linear dependence L(θ) ≈ θ/3. Hence, in such a situation, the fluid magnetization is linearly related with the magnetic field strength M = χ i H, where χ i is the initial magnetic susceptibility defined as,
Here we took into account that M st = φM d , where φ is the volume fraction of the ferromagnetic particles in a liquid. The formula (4) gives a relatively large value, χ i ≈ 9.5, for a fluid consisting of the magnetite particles (M d ≈ 4.46 · 10 5 A/m) with the characteristic size D = 22 nm, and T = 300 K.
We now estimate the characteristic field strength H 0 for which the magnetization curve becomes deviate from the linear law θ/3. For the value θ(H 0 ) = 1, the relative deviation between L(θ(H 0 )) and θ(H 0 )/3 is near 6%, so this equality can be used as a criterion of the characteristic field. Form the definition of θ, we obtain the expression for the characteristic magnetic field strength:
For the fluid with magnetic permeability, µ ≈ 10, the field strength is estimated as, H 0 ≈ 1.3·10 3 A/m (we put the fluid parameters as follows: D = 22 nm, M d = 4.46 · 10 5 A/m, T = 300 K).
At the same time, the critical magnetic field defined from (2) should be near H c = B c /µµ 0 ≈ 0.2 · 10 3 A/m, which is much less than the characteristic field (5). The maximum value of the magnetic field used in this work can be estimated as H max = B max /µµ 0 ≈ 1.5 · 10 3 A/m, this value is close to H 0 . Thus, for the maximum magnetic field, the magnetization curve will differ from the linear dependence. Quantitatively, this difference is estimated at around 10%, which is a relatively small value. For this reason, further in the work, we will assume that the magnetization of the ferrofluid linearly depends on the magnetic field strength.
Turbulence spectra for dispersionless waves
The dispersion law (1) describes three types of the surface waves: gravity, capillary, and magnetic ones. The magnetic surface waves are most interesting for us in this work. In contrast to the gravity and capillary waves, such waves propagate without dispersion. Indeed, in the following range of wavenumbers k gm ≪ k ≪ k mc , where k gm = gρ/γB 2 , and k mc = γB 2 /σ, the dispersion law (1) has the simple form
The wavenumber k gm is transitional between the gravity and the magnetic waves, and k mc separates the magnetic waves from the capillary ones.
In the limit of a strong field B ≫ B c , and high magnetic permeability µ ≫ 1, Zubarev [Zubarev(2004) , Zubarev and Zubareva(2006) , Zubarev(2009) ] has found exact particular solutions of the full equations of magnetic hydrodynamics in the form of nonlinear surface waves propagating without distortions in the direction or against the direction of the external horizontal magnetic field. In fact, the solutions obtained are a complete analogy of Alfvén waves in a perfectly conducting fluid which can propagate without distortions along the direction of the external magnetic field. The interaction is possible only between oppositely propagating waves, and it is elastic [Goldreich and Sridhar(1995) ]. Surface waves in the high magnetic field regime studied in this work have the same properties [Zubarev and Kochurin(2014) ].
The classical result of studying the wave magnetohydrodynamic (MHD) turbulence is the Iroshnikov-Kraichnan spectrum [Iroshnikov(1964) , Kraichnan(1965) ]. According to the phenomenological theory of Iroshnikov and Kraichnan, the turbulent spectrum for fluctuations of the local magnetic field δB k and the fluid velocity δV k has the form:
where V A = (µ 0 ρ) −1/2 B is the Alvfén speed, B is the magnetic field induction inside the fluid,
S is the rate of energy dissipation per unit mass. Note that in such a model of turbulence, the fluctuations of velocity and magnetic field should be small: δV k ≪ V A , δB k ≪ B. According to (7), the turbulence spectrum for the spectral density of the system energy has the form:
The spectrum (7) is written in terms of fluctuations of the velocity and the magnetic field in a liquid in 3D geometry, formally we can obtain its analogue for the quantities η and ψ (the value of the velocity potential at the boundary of liquid) used in the work. To do this, let introduce the perturbations of velocity δv k and magnetic field induction δb k at the fluid boundary y = η. From the dimensional analysis (δv k ∼ kψ k , δb k ∼ Bkη k ) and the dispersion relation ω k ∼ k, in the strong field limit, one can obtain the spectra:
In our recent work [Kochurin(2019) ], it was observed that the slope of the spectrum for the surface elevation in k-space is close to −2.5. But the analysis of the spectrum for the quantity ψ(k, ω) was not carried out. In the present work, we will examine the realizability of the spectrum (9) in detail. 
where d is the dimension of space. It can be seen, that the spectrum (8) is a particular case of (10) for d = 3. The spectrum (10) also describes the energy distribution of the acoustic wave turbulence [Zakharov and Sagdeev(1970) , Efimov(2018) ].
The spectral density of the system energy for our problem is related with the surface elevation spectrum as follows: ε k ∼ ω k |η k | 2 . Form this expression and energy spectra (10) we can obtain the dimensional estimations for the turbulence spectra in terms of η(k, ω) and ψ(k, ω):
For the first time, the spectrum (11) was obtained by Falcon in [Boyer and Falcon(2008) ] for a normal magnetic field, in [Dorbolo and Falcon(2011) ] it was shown that in a tangential field, the spectrum index shifts to the region of higher values.
Note that dimensional estimates for the capillary turbulence spectrum can also be obtained in one-dimensional geometry. Although this derivation is formal, since the capillary waves do not satisfy the conditions of three-wave resonances in 1D geometry, it will be useful to have these estimates for the comparison with the results of our numerical simulation. Skipping the details, we write out the surface spectrum for the one-dimensional capillary wave turbulence [Nazarenko(2011)] :
It can be seen that these relations are highly different from that obtained for pure magnetic surface waves (9), (11), and (12). The main purpose of this work is to find out which of the spectra will be the closest to that observed in a direct numerical simulation.
Results of numerical simulation
Our numerical model is based on the weakly nonlinear approximation, when the angles of boundary inclination are small α = |η x | ≪ 1. We consider the liquid with high magnetic permeability µ ≫ 1, i.e., the surface waves have properties similar to Alfvén waves. For further analysis, it is convenient to introduce the dimensionless variables
where λ 0 , t 0 are the characteristic values of length and time (3). It is convenient to introduce the dimensionless parameter β defining the magnetic field induction as
where B c is defined by (2), i.e., if B = B c then β 2 = 2.
Below, we consider the region of magnetocapillary waves β 2 + k ≫ 1/k, i.e., the wavelengths for which the effect of gravitational force can be neglected. The dispersion relation (1) can be represented in the dimensionless form
According to (14), the linear surface waves are divided into two types: low-frequency magnetic (k ≪ k c , ω ≪ ω c ) and high-frequency capillary (k ≫ k c , ω ≫ ω c ) waves, where k c and ω c are the crossover wavenumber and frequency defined as
The equations of the boundary motion up to the quadratically nonlinear terms were first time obtained by Zubarev in [Zubarev(2004) ], they can be represented in the form
wherek is the integral operator having the form:kf k = |k|f k in the Fourier representation.
The operatorD k describes viscosity and is defined in the k-space aŝ
Here, ν is a constant, and k d is the wavenumber determining the spatial scale at which the energy dissipation occurs.
Equations (15) and (16) Here,
is the Hamiltonian of the system specifying the total energy. The terms H 0 and H 1 correspond to the linear and quadratic nonlinear terms in (15) and (16), respectively.
The spectra (9), (11), and (12) are obtained in the limit of an infinitely strong magnetic field, β ≫ 1. It should be noted that it is not observed in formally ignoring the capillary pressure in the equations (15)-(16). In the absence of surface tension, the interaction of counter-propagating waves results in the appearance of singular points at the boundary, at which the curvature of the surface increases infinitely [Zubarev and Kochurin(2018) , Kochurin(2018) , Kochurin(2019) ].
For the realization of the regime of magnetic wave turbulence on the fluid surface, it is necessary to take into account the effect of capillary forces. It immediately follows from this fact that the weak turbulence spectra obtained in the formal limit of a strong field will be distorted in the region of dispersive capillary waves for k ≥ k c . In the current work, it will be shown that the turbulence spectrum of the surface waves is divided into two regions: a low-frequency one, at which the calculated spectrum is close to the 1D spectrum (12) and a high-frequency region, in which the capillary forces deform the magnetic wave turbulence spectrum.
Let us proceed to the description of the results of our numerical experiments. To minimize the effect of coherent structures (collapses or solitons), the initial conditions for (15) and (16) are taken in the form of two counter-propagating interacting wavepackets:
where a i , b i are the wave amplitudes (they were random), k i , p i are the wavenumbers, and H is the Hilbert transform defined in k-space asĤf k = isign(k)f k . The spatial derivatives and integral operators were calculated using pseudo-spectral methods with the total amount of harmonics N, and the time integration was performed by the fourth-order explicit Runge-Kutta method with the step dt. The model did not involve the mechanical pumping of the energy of the system. Hence, the average steepness of the boundary α was determined only by the initial conditions (17). The calculations were performed with the parameters N = 1024, dt = 5 · 10 −5 , ν = 10, k d = 340. To stabilize the numerical scheme, the amplitudes of higher harmonics with k ≥ 412 were equated to zero at each step of the integration in time.
In the current work, we present the results of four numerical experiments carried out with the different values of β and, hence, with different B/B c , see the parameters used in Table 1 .
From the Table 1 , we can see that as the field increased, the nonlinearity level (the averaged steepness) required for the realization of a direct energy cascade decreased. Apparently, this effect is related with satisfying the conditions of three-wave resonances:
The conditions (18) are satisfied for any waves described by the linear dispersion law (6). For the waves from a high-frequency region, the capillary term in (14) forbids the three-wave resonance in one-dimensional geometry. But the quasi-resonances are still possible and the probability of their realization is higher for the stronger magnetic fields. It should be noted that three-wave resonances can be achieved in 1D geometry in the absence of external field for the gravitycapillary waves near the minimum of their phase speed [Aubourg and Mordant(2015) ].
The lower threshold of the parameter β required for the turbulence development is determined by the criterion of applicability of the weakly nonlinear approximation (α ≪ 1). The upper threshold of the fields is limited by the tendency to form strong discontinuities that can correspond to the appearance of vertical liquid jets [Zubarev and Kochurin(2018) ] and the formation of a regime of strong turbulence generated by singularities [Kuznetsov(2004) ]. The range of variation of the amplitudes a i , b i in initial conditions (17) were chosen empirically to minimize the deviation of the model from the weakly nonlinear one. The wavenumbers k i , p i were chosen in such a way that the energy exchange between nonlinear waves was the most intense. For all numerical experiments, the set of wavenumbers in (17) is the same and is presented in Table 2 . Figure 1 shows the calculated energy dissipation rate s = |dH/dt| as a function of time for the different values of magnetic field induction. It can be seen that the system under study proceeds to the regime of quasistationary energy dissipation in times of the order 10 3 t 0 . In this mode, the probability density functions for the angles of boundary inclination become very close to Gaussian distributions (see Fig. 2 ). This behavior indicates the absence of strong space-time correlations and, consequently, the formation of the Kolmogorov-like spectrum of wave turbulence. Figure 3 shows the time-averaged spectra of the surface I η (k) = |η k | 2 and the velocity potential perturbations I ψ (k) = |ψ k | 2 for B/B c = 2.24. As can be seen, the inertial range of the wavenumbers is splitted into two regions. In the first region with the small k, the spectra are in relatively good agreement with the 1D spectrum (12). At the second region of high k,
where capillarity dominates, the spectra have the different power-law:
It is interesting that the transition between two spectra occurs at higher wavenumbers than k c .
Since, the level of nonlinearity in this case is quite large, the observed effect can be associated with an increase in the magnetic field at steep surface inhomogeneities. Apparently, the local intensification of the magnetic field can lead to the shift of k c .
The spectrum (19) for the surface elevation coincides with the Iroshnikov-Kraichnan one (9), but the spectrum for the velocity potential does not. Thus, the spectrum observed at high k is not the MHD turbulence spectrum (9), as was suggested in our previous work [Kochurin(2019) 
(20) Figure 4 shows how the spectra I η (ω) and I ψ (ω) change as the field induction increases.
From the Fig. 4 (a) , it can be seen that for a relatively weak magnetic field, the spectrum is mainly determined by the relation (20). As the field increases, the region of magnetic turbulence expands, see Fig. 4 (b) and (c). For the maximum magnetic field B/B c ≈ 5.92, the capillary waves shift to the region of viscous dissipation and almost do not have energy contribution to the spectrum of turbulence, see Fig. 4 (d) . The crossover frequencies are in a good agreement with the ω c , except the first case where the level of nonlinearity is too high. In general, the calculated spectrum of turbulence in the low-frequency region is in good agreement with the spectrum (12) obtained from the dimensional analysis [Connaughton et al.(2003) Connaughton, Nazarenko, and Newell, Nazarenko (2011)].
Conclusion
Thus, in the present work, a numerical study of the wave turbulence of the surface of a magnetic fluid in a horizontal magnetic field has been carried out within the framework of a one-dimensional weakly nonlinear model that takes into account the effects of capillarity and viscosity. The results show that the spectrum of turbulence is divided into two regions: a lowfrequency (i ) and a high-frequency (ii ) one. In the region (i ), the magnetic wave turbulence is realized. The power-law spectrum of the surface elevation has the same exponent in k and ω domains and is close to the value −3.5, which is in good agreement with the estimation (12) obtained from the dimensional analysis of the weak turbulence spectra. In the high-frequency region (ii ), where the capillary forces dominate, the spatial spectrum of the surface waves is close to k −5/2 , which corresponds to ω −5/3 in terms of the frequency. This spectrum does not coincide with the spectrum (13) for pure capillary waves. A possible explanation of this fact is that three-wave interactions for the capillary waves are forbidden in 1D geometry and this power-law spectrum can be generated by coherent structures (like shock fronts) arising in the regime of a strong field [Zubarev and Kochurin(2018) , Kochurin(2018) , Kochurin(2019) ]. Its is In conclusion, we note that the results obtained in the work are in qualitative agreement with the experimental studies [Dorbolo and Falcon(2011) , Boyer and Falcon(2008) ], in which it is shown that the external magnetic field can deform the Zakharov-Filonenko spectrum for capillary turbulence. The quantitative discrepancy may be due to the one-dimensional geometry and relatively high magnetic field leading to the nonlinear dependence of the magnetization curve, which is not taken into account in the current work.
